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ABSTRACT 

The member susceptible to loads is supported on continuous elastic foundations such as soil or 

flowable fill in some applications, such as grade beams in prefabricated buildings and combined 

footings for industrial tanks and equipment. In other words, the member's length is dispersed with 

the responses brought on by external loading. The loads are factored and can be found from 

equipment vendor loading data or building column reactions, and this shows a generic footing and 

load data. In this illustration, the loads span the entire width of the footing and come from horizontal 

tank supports. The Reference's finite element analysis results are contrasted with those from 

StructurePoint's spBeam engineering software tool. 
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INTRODUCTION 

Forced vibration analysis can be defined as the study of the dynamic behaviour of structural parts 

under time-varying external force or excitation. Such dynamic loading circumstances are typically 

produced in engineering applications by spinning machinery that is unbalanced, forces generated by 

reciprocating machinery, or machine motion. A typical illustration of a dynamic loading condition is 

harmonic excitation,[1–5] which refers to forces that change harmonically throughout time. Pure 

harmonic excitation is less likely to happen in a working environment than periodic or other types of 

excitation[6–10], but it is important to understand how a system behaves under harmonic excitation 

to understand how the system will react to more general types of excitation. It is also acknowledged 

that a system may respond to harmonic stimuli in a periodic, non-harmonic manner. However, in the 

current situation, it is expected that harmonic excitation will result in a harmonic response of the 

same frequency, therefore such conditions are not taken into consideration. 

 

[11-13]  The system currently being considered is the same as that which is detailed it depicts a 

different perspective of the system (compared to those in the previous chapter) and lists the system's 

geometrical and material parameters. [14-15]The beam's undeformed state and deflected 

configuration by transverse external excitation are shown in the figure. The length L of the tapered 

AFG beam rests on a linear elastic base. The cross-sectional dimensions are represented by the 

variables b(x) and t. (x). The longitudinal axis is the direction of the material are graded. The 
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stiffness of the foundation is assumed to be K, and its impact on the system is taken into account in 

terms of a string of linear springs with the same stiffness coefficient as the foundation (Fig. 1). 

Although the formulation can undoubtedly manage taper in either thickness or breadth singly or 

together, the thickness variation is not shown in this illustrative figure. 

 

 
Figure 1: a succession of linear representations of an AFG beam supported on an elastic basis 

  

Results and discussions: 

The expression q * = q(L4/ E0I0t0) makes the harmonic excitation's intensity, q, dimensionless. In 

the current investigation, q * is altered from 30 to 60 in a 10-fold range. However, the above 

equation can also be substituted with the numerical stydy of any type of pattern of excitation. For 

each taper pattern, four alternative taper parameter values are taken into account here, and these 

values are displayed. Gradations in elastic modulus and density are taken into account while 

analysing material quality variations along the length of the beam. In this chapter, three distinct 

models for these two material parameter variations are described.   

 

Convergence study: 

Using the Gram-Schmidt orthogonalization concept, these chosen start functions are utilized to 

produce higher order functions. The number of higher order functions that should be constructed for 

w and u is a crucial decision. The precision of the results produced is also significantly influenced 

by the number of Gauss points (ng). Therefore, it is necessary to do the required convergence tests 

in order to determine appropriate values for these parameters. A clamped beam with a parabolic 

profile and a taper parameter of 0.2 is the subject of the convergence investigation. The beam is 

supported by an elastic base with a stiffness of K = 103 N/m. The material model used in this 

investigation is referred to as model 2. Figure 2 displays the convergence study's findings. Figure 2 

plots the system's normalised maximum deflection (wmax/t0) vs the quantity of Gauss points (ng) 

(a). From this research, 24 Gauss points are selected for the current task.  
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Figure 2: a study of convergence for the number of orthogonal functions and the number of 

gauss points 
 

Validation study: 

The next step is to determine whether the current methodology and solution technique are valid once 

the parameter values listed above that correspond to the numerical scheme have been determined.  

 

Stiffness of foundation effect: 

Figures 3 depict the frequency response of a linearly tapered beam on an elastic foundation using 

three different material types . Four response curves for a range of spring stiffness values from 2 to 

28 are shown in each of the three sets of plots for three different boundary conditions that are 

present in each image. The taper parameter is held constant at 0.4 so that the results can be shown 

and the impacts of the foundation stiffness may be studied. 

 

 
Figure 3: AFG parabolic taper beam frequency response (Material 3) for various boundary 

conditions: (a) CC (b), (c), and SS 
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With a change in the foundation stiffness, these sets of plots would have produced four distinct 

backbone curves, and including them all in one figure would have made it crowded. Therefore, a 

deliberate choice is made not to include these system foundations in order to preserve the accuracy 

of the numbers. 

 

 
Figure 4: AFG exponential taper beam's frequency response under various boundary conditions: 

(a) CC (b) CS & SS (c) 

 

Figures 5 show that the response amplitude always falls in the low excitation frequency zone as the 

foundation stiffness increases. It is clear from the description above that the SS beam has stronger 

nonlinearity than the other two taper patterns. The difference in the response curves for CC and CS 

beam is found to be minimal. 
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Figure 5: AFG exponential taper beam's frequency response under various boundary conditions 

(Material 3): (a) CC (b) CS & SS (c) 

 

The variation in response curves for various material models for a given example of boundary 

condition is infrequently found for linear taper patterns, as demonstrated in Figures 4.5–4.7. The 

similar pattern may be seen for different types of taper patterns, such as parabolic and exponential 

taper. Additionally, it can be seen from the figures that for a specific boundary 

 

For various foundation stiffness values, the reaction curves in the exponential taper are more visibly 

grouped than those in the other two (linear and parabolic). 
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Fig. 6: Effects of the taper parameter for (a) linear taper, (b) parabolic taper, and (c) exponential 

taper on the frequency response for CC beam 

 

Effect of tapering: 

Figure 7 illustrates how the taper parameter affects the forced vibration response of the AFG 

Timoshenko beam for different boundaries. Three different taper patterns are considered when the 

CC border condition is taken into account. While the numbers for linear and parabolic taper patterns' 

taper parameters range from 0 to 0.6, those for exponential taper patterns' taper parameters range 

from 1 to 1.87535. It should be noted that the case of a uniform beam is represented by the taper 

value of 0.0. The foundation stiffness and excitation amplitude have been set to 50 and 10, 

respectively. Figure 7 demonstrates that the response's amplitude increases naturally in the low 

frequency domain when taper parameter values increase, whereas the trend This pattern of 

elimination of material with increasing taper, which further reduces the rigidity of the beam, is 

observed. For the sake of greater clarity, the backbone curves for the four distinct scenarios are not 

included in these sets of figures. 

Operational deflected shape (ODS): 
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Fig 7 ODS plot 

 

The Material model 2 is taken into consideration, and the beam is supported by a base with a rigidity 

of 103 N/m. The frequency-response curve and a few typical points are shown in Figure 8(a). Figure 

8 displays the ODS corresponding to these typical sites (b). Despite having a varying maximum 

response amplitude, the ODS of various example locations appears to be identical.  

 

Conclusion 

The set of governing equations also displays nonlinear characteristics as a result of taking into 

account nonlinear strain-displacement interactions. The set of nonlinear equations are solved using 

Broyden's method, and numerical results in terms of longitudinal and in-plane motion fields are 

discovered. The current strategy and solution process are validated by results from earlier literature 

that have been established. FRC are employed in non-dimensional stimulation frequency-maximum 

reaction amplitude charts to depict the geometrically nonlinear forced vibration property of the 

system. New results that can be used as benchmark results are presented for a set of four flexural 

boundary conditions, 3 material models, and 4 foundation stiffness values.  However, because the 

formulation and solution technique is so generic, it can handle other types of taper patterns, material 

gradations, and excitation patterns with little alterations. 
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