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Abstract 

 

The article is devoted to the problem of using mathematical methods for forecasting the 

tuberculosis epidemic in Kazakhstan using the example of the Karaganda region. The 

introduction of the article reflects the problem of forecasting tuberculosis in Kazakhstan. The 

main part of the article reflects the results of the analysis of mathematical methods for 

forecasting and data processing technology, describes the mathematical analysis of 

epidemiological indicators made with the SPSS statistical program, describes the factors 

affecting the incidence among contact persons, and calculates the correlation coefficient. The 

article shows the importance of mathematical modeling and the importance of developing a 

specific mathematical model that describes the spread of infection among the population. 
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Introduction 

 

Humanity has experienced tuberculosis throughout its history, but only in the last few 

centuries tuberculosis has become a disease that, in some countries, kills more people than 

any other infectious disease (in the nineteenth century in industrialized Europe and now in 

sub-Saharan Africa, it is the most common cause of death). In the middle of the 20th 

century, the discovery of the first effective tuberculosis treatment stimulated research 

aimed at enhancing the awareness and the formalization of the principles of tuberculosis 

transmission and development, as well as at optimizing tuberculosis control programs at 

the population level.  

 

Tuberculosis (TB) is an infectious disease transmitted by inhalation of bacteria exhaled by 

an infected person (i.e., by airborne droplets). Mycobacterium tuberculosis is a 

tuberculosis causative agent. A third of the world's population is infected with TB but 

only one in ten of them becomes ill. 

 

Symptoms of the disease vary depending on which organs are infected. In the case of 

pulmonary TB, cough with sputum production (sometimes with blood), shortness of 

breath, and chest pain are common symptoms. People with HIV or suffering from other 

health conditions that weaken the immune system (such as diabetes) have a much higher 

risk of the disease development (Myers, Rogers, Cox, Flahault, & Hay, 2000). MDR-TB 

is resistant to two of the most potent anti-TB drugs. This phenomenon occurs as a result 

of insufficient or improper treatment and/or unsatisfactory control of airborne infections 

in medical institutions and places with a high concentration of a large number of people. 

XDR-TB is resistant to most of important first and second-line drugs. The chances of 

recovery from it are very small. Tuberculosis can occur in everyone, but most often, this 

disease affects young people in the eastern part of Europe, as well as migrants and the 

elderly in Western European countries. It is closely linked to poverty, migration, places of 

imprisonment and social marginalization (World Health Organization, 2017). 

 

In the Republic of Kazakhstan, the fight against tuberculosis remains a strategic task and 

is a priority in the activities of the Ministry of Health of the Republic of Kazakhstan. 
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Therefore, the study of the emergence, spread and measures to fight epidemics are of 

great scientific and practical importance. The creation of an intelligent system related to 

the tasks of epidemiology will help to implement supercomputer technologies into 

medical and social practice. 

 

In order to solve the problem of preventing the tuberculosis epidemic, a possible outbreak 

predicted in time plays an important role. Therefore, it is important to create a forecasting 

system based on the use of mathematical models. Forecasting is the most accurate 

description of the future taking into account all available information including historical 

data and knowledge of any future events that may affect forecasts. 

 

This article briefly describes ways to solve this problem with the use of mathematical 

methods for predicting the tuberculosis epidemic in Kazakhstan using the example of the 

Karaganda region. The main tool for such research is mathematical models of the spread, 

development, treatment, and prevention of tuberculosis. 

  

Materials and Methods 

 

Forecasting should be an integral part of management decision-making, as it can play an 

important role in many areas of human activity. Forecasting systems require the 

development of experience in identifying forecasting problems, applying a number of 

forecasting methods, choosing suitable methods for each problem, evaluating and refining 

forecasting methods over time. 

 

There are the following forecasting stages: 

 

1. The determination of what to predict (in the early stages of a forecasting project, one 

needs to decide what to predict.). 

2. Forecasting data and methods (Suitable forecasting methods largely depend on what 

data is available). For example, forecasting time series: The simplest methods for 

forecasting time series use only information about the predicted variable and do not 

try to detect factors that affect its behavior. The time series models used for 

forecasting include decomposition models, exponential smoothing models, and 

ARIMA models. When forecasting time series data, the goal is to evaluate how the 

sequence of observations will continue in the future.). 

3. Some case studies. For example, one needs to develop a model for forecasting weekly 

passenger traffic on major domestic routes for one of Australia's leading airlines. The 

airline needs forecasts of the number of passengers for each main domestic route and 
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for each travel class (economy class, business class, and first class). The airline has 

provided weekly traffic data for the previous six years. 

4. The main steps in a forecasting task (step 1: problem definition; step 2: collection of 

information; step 3: preliminary (research) analysis; step 4: choice and selection of 

models.) (Hyndman & Athanasopoulos, 2018). 

 

The main tool for such research is mathematical models of the spread, development, 

treatment, and prevention of tuberculosis (Avilov & Romanyukha, 2007). 

 

The World Health Organization (WHO) classifies Kazakhstan as a country with a high 

priority for tuberculosis (TB) and a high burden of multidrug-resistant tuberculosis 

(MDR-TB).  

 

TB services work in every region of Kazakhstan (Figure 1). Regional Tuberculosis 

Dispensaries (RTD) are specialized diagnostic and treatment-and-prophylactic healthcare 

organizations coordinating the activities of TB services in regions, providing 

organizational, methodological, practical and advisory TB care to medical organizations 

and the population of regions.  

 

RTDs perform the following functions: 

 

● Organizational and methodological guidance related to the provision of TB care to the 

population. 

● Advisory, practical, organizational and methodological assistance in TB control for 

medical organizations and medical services of the Ministry of Justice of the Republic 

of Kazakhstan, the Ministry of Defense of the Republic of Kazakhstan and the 

Ministry of Internal Affairs of the Republic of Kazakhstan, as well as educational 

institutions of the Ministry of Education and Science of the Republic of Kazakhstan. 

● Diagnosis of tuberculosis based on standard studies (bacteriological ones such as 

microscopy, microbial culture and Drug Susceptibility Testing (DST)), clinical and 

radiographic ones and introduction of tuberculin Mantoux 2 TEsamples, as well as 

additional methods (instrumental and radiological ones). 

● Chemotherapy of patients within standard and individual treatment regimens under 

the direct supervision of a medical professional. 

● Treatment of drug-sensitive and drug-resistant tuberculosis patients. 

● Isolation of patients with an infectious form of tuberculosis, those evading treatment, 

and with a chronic form of tuberculosis. 
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● Diagnosis and treatment of concomitant pathologies with the involvement of 

specialized professionals. 

● Diagnosis and implementation of measures to reduce and timely eliminate adverse 

reactions to anti-TB drugs, etc. 

 

 
Figure 1 Structure of the TB service of the Karaganda region 

 

The tuberculosis epidemic, as a rule, is accompanied by quantitative and qualitative 

changes in the nature of this disease in various regions. It is necessary to make a forecast 

of the spread of the epidemic in a particular region in order to develop an action plan to 

identify and treat patients in this region. The article considers the Karaganda region of the 

Republic of Kazakhstan. Mathematical modeling, namely the development of a specific 

mathematical model that describes the spread of infection, is one of the most effective 

methods for predicting the spread of the epidemic (Laporte, Barinas, Chang, & Libman, 

1996). 

 

The generally accepted epidemiological analysis of the spread and control of tuberculosis 

is based on the division of the population into a number of classes (groups). The main 

classes are as follows (Waaler, Geser, & Andersen, 1962): 

 

1. Uninfected (susceptible to infection) individuals (S) are those in whom the causative 

agents of tuberculosis have not yet penetrated. 

2. Latently infected individuals (L) are those in whom the causative agents of 

tuberculosis are present and are in equilibrium with the immune system. Such 

individuals are characterized by the absence of any external manifestations of the 
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disease or an increased risk of death. In some studies, latent infection is considered as 

the earliest stage of the disease and implies the need to identify and treat latent 

infected individuals. 

3. Sufferers (T) are individuals with clinical manifestations of tuberculosis caused by 

extensive damage to tissues as a result of the activity of mycobacteria in their 

organisms. The border between the state of latent infection and the disease is not 

strictly defined and largely depends on the diagnostic methods used. Currently, 

patients with active tuberculosis are mainly individuals with radiologically proven 

tuberculous tissue changes (mainly for tuberculosis of the respiratory organs) or with 

detected bacterial excretion. 

 

The underlying epidemiological processes linking these three groups are as follows: 

1. Increase of people in the S group due to youth (or newborns). 

2. Infection of individuals from the S group with mycobacteria excreted by patients 

from the T group. The specific risk of infection (per unit of time) is called the 

strength of the infection and is designated as λ. The form of the dependence of λ on 

the number of groups, time, and other parameters is determined by the chosen model 

of population mixing (usually λ is proportional to the number or share of infectious 

individuals in the population). It should be noted that the strength of the infection λ is 

determined by three classes of real processes such as pathogen excretion by infectious 

individuals (i.e., the mass character of pathogen excretion), the frequency and 

proximity of contacts between individuals in the population in question, and the 

susceptibility of uninfected individuals to infection (i.e., the probability with which 

the pathogen entering the body overcomes the primary immune response). 

3. Development of the disease. In individuals from group L, the disease can develop 

both due to endogenous activation (the parameters of this process are the property of 

infected individuals) and as a result of exogenous superinfection (in this case, the 

process parameters depend both on the properties of the infected individuals and on 

the strength of the infection λ). Modeling the rapid development of the disease in 

people infected recently and for the first time with the use of only the S, L and T 

groups is usually carried out by dividing infected people into those whose disease 

develops rapidly (transition from S to T) and those who become infected (i.e. those 

who enter the L group). 

4. Additional tuberculosis deaths affect only the T group. 

5. Spontaneous self-healing or drug cure from active tuberculosis transfer individuals 

from the T group to the L group (although in some models, drug-cured individuals are 

transferred to the S group). 
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Results and Discussion 

 

The processes under consideration are modeled with the use of nonlinear systems of 

ordinary differential equations whose coefficients characterize the features of a population 

and the development of the disease. In order to refine the model for a specific population, 

a qualitative assessment of the model parameters (or their combinations) is necessary 

(Kabanikhin, 2009). Mathematical modeling of dynamic processes is based on the use of 

the law of conservation of mass: 

 

{�̇� = 𝐹(𝑦(𝑡),  𝑡, 𝑞,  𝑢) 𝑦(𝑡0) = 𝑦0,  (1) 

 

Where 𝑦(𝑡) is 𝑚𝑎𝑠𝑠 of experimental data, then 
𝑦(𝑡)

𝑉
= 𝑓(𝑡) is function of experimental 

data (in epidemiology, it is the number of patients by year), 𝑡 is time of drug application, 

𝑞 is vector of parameters characterizing the process under consideration (in epidemiology, 

it is mortality, influx of individuals, the rate of development of the disease, etc.), 𝑢 is 

input data (in pharmacokinetics, it is the method of drug application, i.e., intravenously, 

intramuscularly, orally, etc.) (World Health Organization, 2009). 

 

These parameters can be estimated (or sometimes uniquely determined) with the use of 

some additional information about biological processes (drug concentration, viruses, 

infected patients, etc.). The problem of determining biological parameters with the use of 

such additional information is called the inverse problem and is incorrect in the general 

case (Takuadina, 2019; Kabanikhin, 2008). 

 

The Consolidated Action Plan to Prevent and Control M/XDR-TB in the WHO European 

Region 2011–2015 was designed to respond to the worrisome problem of M/XDR-TB and 

to deploy a comprehensive response for the prevention and control of M/XDR-TB for all 

53 Member States of the European Region and partners including Kazakhstan (World 

Health Organization, 2009). Over the past 5 years, the incidence of TB has decreased at 

an average rate of 4.3% per year, which is the fastest rate of decline in the world. Despite 

this, in high-priority countries for TB, the number of new cases is almost 8 times higher 

than in other countries in the Region. In 2015, for every fourth TB patient, treatment did 

not lead to a successful result, which is one of the highest rates in the world (World 

Health Organization, 2017). The Consolidated Action Plan to fight TB in the Republic of 

Kazakhstan for 2014-2020 is a logical continuation of TB control projects implemented in 

Kazakhstan, and a continuation of the Consolidated Action Plan to Prevent and Control 

M/XDR-TB in the WHO European Region 2011–2015. The strategies included in this 

document comply with the guidelines laid down in the Salamatty Kazakhstan State Health 
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Care Development Program for 2011-2015. This document has been developed in 

accordance with the provisions of the Roadmap for Prevention and Control of M/XDR-

TB developed and published by the WHO Regional Office for Europe in 2012. The 

country is determined to achieve the goal of halving the prevalence of tuberculosis over 

the next 7 years until 2020:  

 

● The long-term strategic vision of this Consolidated Plan is to make Kazakhstan a 

country free of tuberculosis. 

● The overall goal is to reduce TB morbidity and mortality. 

● To achieve, by 2020, the following indicators:  

● Morbidity rate of 55/100,000 of the population (81.7/100,000 in 2012). 

● Mortality rate reduction to 5.8/100,000 people (8.0/100,000 in 2012). 

● Treatment coverage for 95% of patients with M/XDR-TB. 

 

Also in 2015, the United Nations adopted the Sustainable Development Goals (SDGs) to 

implement until 2030. One of these goals is to eradicate the global TB epidemic. The 

WHO Strategy for the Elimination of Tuberculosis 2016–2035, endorsed by the World 

Health Assembly in 2014, calls for reducing the number of deaths from TB by 90% and 

the TB morbidity rate by 80% till 2030 compared to 2015. 

 

The number of cases of tuberculosis for the period from 2003 to 2018 is shown in the 

dynamics by year (Figure 2), as well as mortality in the Karaganda region (Figure 3). 

 

 
Figure 2 The incidence of tuberculosis in the Karaganda region among urban and rural 

populations 
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Figure 3 Mortality from tuberculosis in the Karaganda region among the urban and rural 

populations 

 

The dynamics of the development of active tuberculosis (Figure 4), as well as mortality 

(Figure 5) among the children and adolescents of the Karaganda region from 2003 to 

2018, are presented below: 

 

 

 
Figure 4 Tuberculosis morbidity in the Karaganda region among children and adolescents 

 

 
Figure 5 Mortality from tuberculosis in the Karaganda region among children and 

adolescents 

 

Although there is a decrease in the incidence rate in the region as a whole, tuberculosis 

has acquired new qualities. Patients often have drug intolerance and drug resistance to the 

causative agent of tuberculosis (Figure 6). 
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Figure 6: Patients with tuberculosis and patients on treatment for MDR-TB in the 

Karaganda region 

 

Tuberculosis morbidity depends on many factors in the foci of infection including 

preventive measures, the timing of the detection of the disease, as well as the 

effectiveness of treatment of adult patients, which makes the task of early diagnosis one 

of the most pressing problems of modern phthisiology (Manfredi & D'Onofrio, 2013). The 

development of the methodology and organizational technologies for the integrated 

assessment of anti-TB activities as a basis for optimizing the management of TB services 

is also relevant (Temime, Hejblum, Setbon, & Valleron, 2008; Chubb & Jacobsen, 2010). 

 

Below there are calculations, with the use of mathematical methods, of the correlation 

coefficient between the epidemiological indicators of tuberculosis morbidity from 

infection foci and the effectiveness of preventive measures that have been taken in 

Kazakhstan for last 16 years. The clarification of the correlation relationship between 

indicators will contribute to the development of a methodology and evaluation of the  

anti-TB activity of the TB service. Mathematical analysis of epidemiological indicators 

was performed with SPSS. SPSS is a statistical data processing program designed for 

applied research and is a universal system that supports the process of data analysis at any 

level and designed to implement the complete sequence of data analysis steps: from 

viewing data, creating tables and calculating descriptive statistics to complex statistical 

analysis (Nasledov, 2005). The analysis was performed in several stages such as data 

collection, selection of parameters, building a matrix, assessing the adequacy of the model 

and forecasting epidemiological indicators. In order to identify factors affecting the 

morbidity among contact people, the Spearman’s correlation coefficient of the general 

epidemiological indicators for tuberculosis was calculated. Since the coefficient is a           

non-parametric analysis method, verification of the normal distribution is not required. 

For ordinal (rank) variables or variables whose distribution differs significantly from the 

normal one, the Spearman’s correlation coefficient can be used. The calculation of 

Spearman's rank correlation coefficient includes the following steps: 
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1. To assign a serial number (rank) to each of the signs in ascending or descending 

order. 

2. To determine the difference in ranks of each pair of matched values (d). 

3. To square each difference and summarize the results. 

4. To calculate the rank correlation coefficient with the following formula: 

 

 𝜌 = 1 −
6 ∙ ∑ 𝑑2

𝑛(𝑛2 − 1)
 

 
5. To determine the statistical significance of the coefficient with the use of the                      

t-criterion calculated with the following formula: 

𝑡 =
𝑟√𝑛 − 2

√1 − 𝑟2
 

 

This coefficient can take values between -1 and +1, and if the value is closer to 1, then 

this means that there is a strong relationship, and if it is closer to 0, then it is a weak one. 

The relationship strength is also characterized by the absolute value of the correlation 

coefficient. The indicators of the tuberculosis morbidity from bacterial excretion foci and 

the indicators of the general morbidity among adults, as well as organizational measures 

carried out in the country to reduce the burden of tuberculosis, were chosen as samples 

when determining the correlation relationship. These indicators for statistical analysis 

were taken from the statistical overview on tuberculosis in the Karaganda region of the 

Republic of Kazakhstan for 16 years, from 2003 to 2018.  

 

When calculating the Spearman’s correlation coefficient between two variables (people 

with tuberculosis and people who died from all forms of tuberculosis), a strong direct 

relationship was revealed (ρ = 0.9) (p <0.01). A relatively strong relationship was 

revealed between people with tuberculosis and people on MDR-TB treatment (ρ = 0.6)          

(p <0.01). Therefore, the following conclusions can be drawn: 

 

1. Although tuberculosis is a treatable disease, in most cases it is fatal; 

2. As mentioned earlier, unfortunately, in Kazakhstan, the morbidity rate of MDR-TB is 

steadily increasing (Table 1). 
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Table 1 Morbidity Rate of MDR-TB in Kazakhstan 
Correlations 

 People with 

tuberculosis 

(nr. of 

persons) 

People on 

treatment for 

drug-resistant 

tuberculosis 

(MDR-TB) 

People cured 

of 

tuberculosis 

(nr. of 

persons) 

People who 

died from all 

forms of 

tuberculosis 

(nr. of persons) 

ρ- 

Spearman 

People with 

tuberculosis 

(nr. of persons) 

Correlation 

coefficient 

1,000 ,638** -,152 ,979** 

Value  

(two-sided) 

. ,008 ,574 ,000 

N 16 16 16 16 

People on 

treatment for 

drug-resistant 

tuberculosis 

(MDR-TB) 

Correlation 

coefficient 

,638** 1,000 -,052 ,547* 

Value  

(two-sided) 

,008 . ,849 ,028 

N 16 16 16 16 

People cured of 

tuberculosis 

(nr. of persons) 

Correlation 

coefficient 

-,152 -,052 1,000 -,065 

Value  

(two-sided) 

,574 ,849 . ,811 

N 16 16 16 16 

People who 

died from all 

forms of 

tuberculosis 

(nr. of persons) 

Correlation 

coefficient 

,979** ,547* -,065 1,000 

Value  

(two-sided) 

,000 ,028 ,811 . 

N 16 16 16 16 

**. The correlation is significant at the level of 0.01 (two-way). 

*. The correlation is significant at the level of 0.05 (two-way). 

 

1) Identifiability Analysis Framework 

 

1. First, a priori identifiability has to be carried out (with neglect of data type and noise, 

i.e. measurements are carried out in ideal situations). If a problem is ultimately a priori 

identifiable, this does not mean that it is practically identifiable. But if it is a priori 

unidentifiable, then it is practically unidentifiable. 

 

The definition of a priori identifiability is formulated as follows (Carson & Cobelli, 

2008):  

 

Definition 1. Model (1) is called a priori identifiable if its parameters 𝑞 = [𝑞1, … ,  𝑞𝑠] can 

be uniquely determined from the input data u (t) and the measurement data y (t).  

 

Methods for the a priori identifiability analysis of dynamical systems are as follows: 

 

● Transfer function method (for linear models) 

● Method based on Taylor series expansion (for linear and non-linear models). 

● Method based on differential algebra theory. 
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● Graph-based method (for linear models). In the case of an unidentifiable model, this 

method finds a change in variables that convert an unidentifiable model into an 

identifiable one. 

● Modification of the method based on differential algebra theory (for non-linear 

models). In the case of an unidentifiable model, this method finds a change in 

variables that convert an unidentifiable model into an identifiable one. 

● A method based on series expansion with the use of Lie derivative (for non-linear 

models). 

● Tabular identification (for non-linear models). 

● A method based on implicit function theorem (for non-linear models). 

 

The article examines and investigates one of the approaches to the analysis of a priori 

identifiability of a specific mathematical model of the spread of the tuberculosis epidemic 

(Miao, Xia, Perelson, & We, 2011): 

 

{
𝑑𝑆

𝑑𝑡
= П− 𝜇𝑆 − 𝑝𝜆𝑆 − (1 − 𝑝)𝜆𝑆,

𝑑𝐿

𝑑𝑡
= 𝑝𝜆𝑆 − 𝜇𝐿 − 𝛿𝐿,

𝑑𝑇

𝑑𝑡
= (1 − 𝑝)𝜆𝑆 + 𝛿𝐿 − (𝜇 +

𝜇𝑇)𝑇, 𝑆(0) = 𝑆0, 𝐿(0) = 𝐿0, 𝑇(0) = 𝑇0. (2) 

 

In model (2), the entire population is divided into uninfected individuals (S), latently 

infected individuals (L), and infected sufferers (T). Model parameters are as follows: Π is 

the influx of youth into the model population; 𝜆 = 𝛽Т, where 𝛽 is transmissibility 

parameter; 𝑝 is the share of recently infected, whose disease is developed within 1 year; 𝛿 

is the constant of disease development rate; 1/𝜇 is average life expectancy; 𝜇Т is the 

tuberculosis mortality. Therefore, this results in a set of parameters (𝑝, 𝛽, 𝛿, 𝜇Т)∈ 𝑅4
. 

 

This method is based on the use of the expansion of a function in a Taylor series and 

differs from other numerous methods by the fact that it is applicable both to linear 

systems of differential equations and to non-linear ones. 

 

The expansion of the function 𝑦𝑖(𝑡, 𝑞) in a Taylor series at the point 𝑡0 = 0 is as follows: 

 

𝑦𝑖(𝑡) = 𝑦𝑖(𝑡0) + 𝑡�̇�𝑖(𝑡0) +
𝑡2

2!
�̈�𝑖(𝑡0) +

𝑡3

3!
𝑦 

𝑖
(𝑡0) 

 

It will be denoted as follows:  

 

𝑦𝑖
(𝑘)(𝑡0, 𝑞) = 𝜑𝑘

𝑖 ; 𝑘 =  1, 2… (3) 
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This method is based on replacing the left-hand sides in the equation (3) with expressions 

obtained from the original system of ordinary differential equations (2). After such a 

replacement, a system of non-linear algebraic equations is obtained. The question of 

identifiability of a mathematical model is reduced to an analysis of the solvability of an 

algebraic system (Takuadina, 2019). After a series of calculations, the conclusion was 

made that the system had a unique solution, which means that the model in question is 

identifiable. 

 

Then, a researcher chooses the path of analysis: either sensitivity analysis method, or 

practical identifiability is used. 

 

2. It is necessary to continue the identifiability analysis and when knowing the sensitivity, 

to choose an algorithm that will work well for sure. Sensitivity analysis is used to assess 

the identifiability of unknown 𝑞 parameters of the model for ODE (ordinary differential 

equation) system: 

 

{�̇�(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑞), 𝑡 ∈ (0, 𝑇);  𝑦(𝑡) = ℎ(𝑥(𝑡), 𝑞), 𝑥(0) = 𝑥0,  
 

Where 𝑥(𝑡) ∈ 𝑅𝑀 denotes the vector of functions (𝑀 denotes the number of equations), 

𝑞 ∈ 𝑅𝐿 denotes vector of parameters (𝐿 denotes number of parameters), 𝑦(𝑡) ∈ 𝑅𝑃 

denotes a measurement function (𝑃 ≤ 𝑀 denotes the number of measured equations), 

𝑡denotes time. Sensitivity analysis methods do not require actual experimental data, 

although they may require the number of measurements and the times when these 

measurements were taken (Carson, & Cobelli, 2008; Cacuci, 2003). In order to study the 

model with the use of sensitivity analysis methods, it is necessary to know the values of 

parameters that can be known from the literature or from statistical information. 

 

Sensitivity analysis methods are based on the study of the sensitivity matrix. In order to 

construct it, let us assume that 𝑡1 ≤ 𝑡2 ≤ ⋯ ≤ 𝑡𝐾 are moments of time at which the vector 

function will be measured 𝑦(𝑡). Then the coefficients of the sensitivity matrix for a given 

vector of 𝑞∗ parameters are calculated with the following formula 

 

𝑠𝑖𝑗 =
𝜕𝑦𝑖(𝑡𝑘,𝑞

∗)

𝜕𝑞𝑗
, 

 

Where𝑦𝑖 (𝑖 = 1,… . 𝑃) denotes 𝑖-component of the vector of measurement equations and 

𝑞𝑗 (𝑗 = 1, … , 𝐿) denotes 𝑗-component of the vector of parameters. 

 

Therefore, the sensitivity matrix is defined as follows: 
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𝑆𝑃∙𝐾×𝐿 = (𝑠11(𝑡1) ⋯ 𝑠1𝐿(𝑡1)  ⋮ ⋱ ⋮  𝑠𝑃1(𝑡1) ⋯ 𝑠𝑃𝐿(𝑡1)  ⋮ ⋮ ⋮  𝑠11(𝑡𝐾) ⋯ 𝑠1𝐿(𝑡𝐾)  ⋮ ⋱ ⋮
 𝑠𝑃1(𝑡𝐾) ⋯ 𝑠𝑃𝐿(𝑡𝐾) ). 

 

There are sensitivity analysis methods such as orthogonal method and eigenvalue method 

(Saltelli, Chan, & Scott, 2000). 

 

3. An analysis of practical identifiability enables estimating model parameters with 

acceptable accuracy from noisy experimental data. The problem is reduced to finding the 

functional: 

𝐽(𝑞) = min
𝑞

∑|𝑦1(𝑡𝑘; 𝑞) − 𝑉𝑓1
𝑘|2

𝐾

𝑘=1

 

 
The bottom line is that it is necessary to set the coefficients randomly, then, if the 

solutions obtained are far from measurements, it is necessary to minimize and 

approximate them in a quadratic sense. Some methods that solve the minimization 

problem are used for this.  

 

The most effective forecasting methods (methods for solving optimization problems) 

include stochastic methods (genetic algorithms, Monte Carlo method, annealing method, 

etc.) and deterministic methods (Levenberg-Marquardt method, Landweber iteration 

method, conjugate gradient method, etc.). 

 

● Deterministic methods. They are represented by gradient methods developed in the 

works of S.I. Kabanikhin, A.L. Karchevsky, A.F. Latypov, Y.V. Nikulichev, etc. The 

gradient descent method was used to solve the problem of optimization design of a 

turbine blade. The problem of determining the structure of the borehole area 

according to the results of induction logging was solved by M.I. Epov, I.N. Yeltsov, 

and others as optimization with the use of the deterministic flexible polyhedron 

method (Nelder-Mead method). Classical gradient descent methods are suitable for 

solving problems with continuous functionals and a small number of variable 

parameters. Nelder-Mead methods do not reliably look for global extrema of 

functionals. Gradient type methods are relatively simple to implement and do not 

require large computational costs. Nevertheless, they are used only for single-purpose 

optimization problems, have differentiability requirements for the objective function, 

require a good initial approximation, and work unstably on a large number of 

parameters (that is, they do not guarantee to find the global minimum of the problem). 

 

The main idea of the methods is to go in the direction of the steepest descent, 

and this direction is set by the anti-gradient - 𝛻𝐹:  
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�⃗�[𝑗+1] = �⃗�[𝑗] − 𝜆[𝑗]𝛻𝐹(�⃗�[𝑗]) 
Where  𝜆[𝑗] is chosen as  

 

● A constant, then the method may diverge. 

● A fractional step, that is, the step length in the descent process is divided by a certain 

number. 

● The steepest descent: 𝜆[𝑗] = 𝑎𝑟𝑔𝑚𝑖𝑛𝜆𝐹(�⃗⃗⃗�
[𝑗]
)). 

 

Then the following is chosen: 𝜐𝑖
[𝑗]

= −
𝜕𝐹

𝜕𝑥𝑖
, where all derivatives are calculated with                

𝑥𝑖 = 𝑥𝑖
[𝑗]

, and step length is reduced 𝜆[𝑗]as the minimum of the function 𝐹 is approached. 

For analytic functions 𝐹 and small values 𝑓𝑖, Taylor series expansion 𝐹(𝜆[𝑗]) enables 

choosing the optimal step size. 

 

𝜆[𝑗]=
∑  𝑛
𝑘=1 (

𝜕𝐹

𝜕𝑥𝑘
)
2

∑  𝑛
𝑘=1 ∑  𝑛

ℎ=1
𝜕2𝐹

𝜕𝑥𝑘𝑑𝑥ℎ

𝜕𝐹

𝜕𝑥𝑘

𝜕𝐹

𝜕𝑥ℎ

, 

 

Where all derivatives are calculated with 𝑥𝑖 = 𝑥𝑖
[𝑗]

. A parabolic interpolation of the 

function 𝐹(𝜆[𝑗])may be more convenient.  

 

The algorithm is as follows: 

 

1. Initial approximation and calculation accuracy �⃗�0, 𝜖 are set; 

2. The following is calculated: 

 

�⃗�[𝑗+1] = �⃗�[𝑗] − 𝜆[𝑗]𝛻𝐹(�⃗�[𝑗]), где 𝜆[𝑗] = 𝑎𝑟𝑔𝑚𝑖𝑛𝜆𝐹(�⃗⃗⃗�
[𝑗]
− 𝜆

[𝑗]𝛻𝐹(�⃗⃗⃗�
[𝑗]
)). 

 

3. The stop condition is checked: 

 

● If |�⃗�[𝑗+1] − �⃗�[𝑗]| > 𝜖, then 𝑗𝑗𝑗𝑗 = 𝑗 + 1 and go to step 2. 

● Else �⃗� = �⃗�[𝑗+1]and stop (Conte, & de Boor, 1981). 

 

● Lately, stochastic methods have become more widespread than deterministic ones 

since they do not require the smoothness of target functionals, they have the ability 

not to stop at local extrema, and are used to solve multicriteria problems. Among 

stochastic methods, the most appropriate method for optimization design is an 

evolutionary genetic algorithm. Genetic algorithms, for example, are so popular 

because they are very imaginative and therefore easy to understand. In fact, it is not 
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difficult and extremely interesting to present a solution to a problem, as a real 

biological process of developing a population of living creatures with certain 

properties. Such a process searches for the optimal solution, while simultaneously 

analyzing the many current sets of parameters, called individuals that have evolved 

over many generations in accordance with the prescribed rules. The need for a large 

number of calculations of the target functionals is compensated by the possibility of 

parallel calculation. The genetic algorithm has been successfully used to solve the 

problem of optimization design (Vajda, 1989). Stochastic methods suggest the 

probabilistic nature of the algorithm used. Simulated annealing algorithm and other 

algorithms based on the Monte Carlo method do not require the smoothness of the 

functional and depend insignificantly on the initial approximation. However, most 

often they are used in single-purpose discrete optimization. The use of the simulated 

annealing method in continuous optimization problems was carried out by T. 

Rogalsky and N. Kim. The annealing algorithm also has its own prototype in the real 

world (this is understandable from the name itself). It came from physics. The process 

imitated by this algorithm is similar to the formation of a crystalline structure of a 

substance with minimum energy during cooling and solidification, when particles 

move randomly at high temperatures, gradually slow down and freeze in places with 

the lowest energy. In the case of a mathematical problem, the role of particles of 

matter is performed by parameters, and the role of energy is a function that 

characterizes the optimality of the set of these parameters. When modeling the 

process of metal annealing, one searches for such a point or a set of points at which a 

minimum of some numerical function 𝐹(𝑥) is reached where 𝑥=(𝑥1, … , 𝑥𝑚)∈𝑋. The 

solution is reached by sequential calculation of the points. 𝑥0, 𝑥1, …, are spaces 𝑋; 

every point starting from 𝑥1, “claims” to bring the solution better than the previous 

ones. An algorithm accepts a point 𝑥0 as initial data. At each step, the algorithm 

calculates a new point and lowers the value understood as “temperature.” The 

algorithm stops when it reaches a zero temperature point. The point 𝑥𝑖+1, according to 

the algorithm, is based on the current point 𝑥𝑖 as follows. The operator A is used for 

the point 𝑥𝑖. This operator randomly modifies the associated point that results in a 

new point 𝑥∗. The point 𝑥∗ becomes the point 𝑥𝑖+1 with the probability 𝑃(𝑥∗, 𝑥𝑖+1) 

that is calculated according to the Gibbs distribution: 

𝑃 (𝑥𝑖) = {1, 𝐹(𝑥∗) − 𝐹(𝑥𝑖) < 0 𝑒𝑥𝑝 𝑒𝑥𝑝 (−
𝐹(𝑥∗) − 𝐹(𝑥𝑖)

𝑄𝑖

) , 𝐹(𝑥∗) − 𝐹(𝑥𝑖) ≥ 0  

Here 𝑄𝑖> 0 are the elements of an arbitrary decreasing function converging to a zero 

positive sequence that is the analog of the falling temperature in a crystal. The rate of 
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decrease and the law of decrease can be set at the request of the creator of the algorithm. 

Simulated annealing algorithm is similar to gradient descent but, due to the randomness of 

the choice of an intermediate point, it should fall into local minima less often than 

gradient descent. Simulated annealing algorithm does not guarantee that the minimum of 

the function is found, however, with the correct policy for generating a random point in 

the space 𝑋, usually, an improvement in the initial approximation occurs. 

 

In addition, stochastic methods include swarm intelligence, ant colony algorithm, etc. 

These methods have undeniable advantages such as the ability to use them to solve 

multicriteria problems, the lack of requirements for the smoothness of target functionals, 

and the ability not to stop at local extrema. 

 

2) Analysis of the Mathematical Model of the Spread of the Epidemic of Tuberculosis Using 

the Example of the City of Karaganda 

 

For analysis, settlements in the Karaganda region (the urban population is indicated in 

orange and the rural population is indicated in blue) where the incidence is highest are 

chosen. In the figures below (Figure 7, Figure 8, and Figure 9), over the past three years, 

the city of Karaganda is also represented. 

 

 
Figure 7 Incidence of Tuberculosis for 2016 
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Figure 8 Incidence of tuberculosis for 2017 

 

 
Figure 9 Incidence of tuberculosis for 2018 

 

A prerequisite for the model providing reliable predictions is that the assumptions, on 

which it is based, correspond to reality. However, this correspondence is always limited 

since all models are simplifications of reality. An important advantage of mathematical 

modeling is that it requires transparency and accuracy in relation to assumptions that 

enables testing the awareness of the epidemiology of the disease by comparing the results 

of the model and the observed patterns. Models can also help in making decisions by 

making predictions about important issues such as interventional changes in the spread of 

the disease. 

 

A mathematical model of the spread of an infectious disease in a population describes the 

transmission of a pathogen depending on the nature of contacts among infectious and 

susceptible people, the latent period from infection to infection, the duration of infectivity, 

the degree of acquired immunity after infection, etc. After all these factors are formulated 
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in the model, we can make predictions about the number of people who are expected to be 

infected during the epidemic, the duration of the epidemic, and the peak incidence. 

Indeed, we can predict the entire epidemic curve providing us with the expected number 

of cases at any moment (Kabanikhin, Krivorotko, Ermolenko, Kashtanova, & Latyshenko, 

2017). 

 

It is necessary to make a forecast of the spread of the epidemic in a specific region in 

order to create an action plan for the identification and treatment of patients in this region. 

Mathematical modeling, namely the development of a specific mathematical model that 

describes the spread of infection among the population, is one of the most effective 

methods for predicting the spread of the epidemic. 

 

Below the mathematical model of tuberculosis transmission in highly endemic regions of 

the Asia-Pacific region are considered. This model was proposed by some scientists 

(Huppert & Katriel, 2013; Trauer, Denholm, & McBryde, 2014) but with some correction: 

 

{
𝑑𝑆

𝑑𝑡
= 𝑙𝜋𝑁 + 𝜑𝑇 + 𝜑𝑚𝑇𝑚 − (𝜆𝑑 + 𝜆𝑑𝑚 + µ)𝑆,

𝑑𝐿𝐴

𝑑𝑡
= 𝜆𝑑(𝑆 + 𝐿𝐵 + 𝐿𝐵𝑚) − (휀 + 𝑘 + µ)𝐿𝐴,

𝑑𝐿𝐴𝑚

𝑑𝑡
= 𝜆𝑑𝑚(𝑆 + 𝐿𝐵 +

𝐿𝐵𝑚) − (휀 + 𝑘 + µ)𝐿𝐴𝑚 ,
𝑑𝐿𝐵

𝑑𝑡
= 𝑘𝐿𝐴 + 𝛾𝐼 − (𝜆𝑑 + 𝜆𝑑𝑚 + 𝜈 + µ)𝐿𝐵 ,

𝑑𝐿𝐵𝑚

𝑑𝑡
= 𝑘𝐿𝐴𝑚 + 𝛾𝐼𝑚 − (𝜆𝑑 + 𝜆𝑑𝑚 + 𝜈 +

µ)𝐿𝐵𝑚 ,
𝑑𝐼

𝑑𝑡
= 휀𝐿𝐴 + 𝜈𝐿𝐵 + (1 − 𝜂)𝜔𝑇 − (𝛾 + 𝛿 + µ𝑖)𝐼,

𝑑𝐼𝑚

𝑑𝑡
= 휀𝐿𝐴𝑚 + 𝜈𝐿𝐵𝑚 + 𝜂𝜔𝑇 − (𝛾 + 𝛿𝑚 + µ𝑖)𝐼𝑚 ,

𝑑𝑇

𝑑𝑡
= 𝛿𝐼 −

(𝜑 + 𝜔 + µ𝑡)𝑇, 0 
𝑑𝑇𝑚

𝑑𝑡
= 𝛿𝑚𝐼𝑚 − (𝜑𝑚 + 𝜔 + µ𝑡)𝑇𝑚, 𝑆(0) = 𝑆0, 𝐿𝐴(0) = 𝐿𝐴0 , 𝐿𝐴𝑚(0) = 𝐿𝐴𝑚0

, 𝐿𝐵(0) =

𝐿𝐵0 , 𝐿𝐵𝑚(0) = 𝐿𝐵𝑚0
, 𝐼(0) = 𝐼0, 𝐼𝑚(0) = 𝐼𝑚0

, 𝑇(0) = 𝑇0, 𝑇𝑚(0) = 𝑇𝑚0
. (4) 

Here, 

𝜆𝑑 = 𝜒𝛽𝜌(𝐼 + 𝑜𝑇)/𝑁, 𝜆𝑑𝑚 = 𝜒𝛽𝑚𝜌(𝐼𝑚 + 𝑜𝑇𝑚)/𝑁. 
 

In a Cauchy problem (4) the population is divided into vaccinated sensitive individuals 

(usually children under 14) (S), latent infected individuals, individuals with MDR-TB 

strain (index m), with a fast (LA, LAm) and slow (LB, LBm) development of an active form 

of the disease, infected patients, individuals on treatment (T, Tm), and those untreated       

(I, Im). N= 𝑆 + 𝐿𝐴 + 𝐿𝐴𝑚 + 𝐿𝐵 + 𝐿𝐵𝑚 + I+𝐼𝑚 + T+𝑇𝑚 denotes the whole population.  

 

The notation used to describe mathematical models is standardized as far as possible. 

Variable models (group numbers) are denoted in capital Latin letters (S, T, etc.), the 

lowering indices indicate the physical properties of the variable, and the raising indices 

indicate the impact and external factors. The rate constants of various transitions are 

denoted by lowercase Greek letters, whilst the probabilities and proportions are indicated 

by lowercase Latin letters (Table 2). 
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Table 2 Constants and coefficients 

Symbol Description Unit of 

measurement 

Value 

П Influx of youth into the model 

population 

person/year It depends on 

the type of 

population 

N Total population person It depends on 

the type of 

population 

𝜇 Tuberculosis mortality person/year 0.016 

𝜑 TB treatment rate person/year 2  

𝜑𝑚 MDR-TB treatment rate person/year 0.5  

ɛ Rate of early progression of the 

disease 

year 0.129 

 

𝑘 Rate of transition to late disease 

progression 

year 0.821 

𝛾 Spontaneous self-healing frequency year 0.63 

ν Rate of development of the active 

form of the disease with 

endogenous activation 

year 0.075 

η likelihood of developing MDR-TB 

in treatment 

- 0.035 

ω Re-infection rate person/year 0.25 

δ Frequency of detection of persons 

with active tuberculosis 

person/year 0.72 

δm Frequency of detection of 

individuals with active MDR-TB 

person/year 0.035 

µi Tuberculosis mortality without 

treatment 

year 0.37 

µt Tuberculosis mortality during 

treatment 

year 0.5 µi 

β Contagiousness parameter - It depends on 

the type of 

population 

βm Organism index with MDR-TB - 0.7 β 

χ Partial immunity parameter - 0.49 

ρ Infection fraction - 0.7 

о Modification of infectivity 

treatment 

- 0.6 

l BCG vaccination rate - 0.65 

π Birth rate with sensitivity analysis person/year 0.025 

 

The model was also applied to the population of the Siberian Federal District (Trauer, 

Denholm, & McBryde, 2014). Since BCG (Bacillus Calmette–Guérin) vaccination of 

infants in Russia, as well as in Kazakhstan, is compulsory for citizens whose incidence 

exceeds 80 cases per 100,000 people, the majority of the population was vaccinated at 

preschool age. Therefore, in the model (2) there is no division of the population into 
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sensitive unvaccinated (SA) and vaccinated persons (SB) (Takuadina & Imangaliyev, 

2019). 

 

The vector of exact parameters is selected Θ:=(휀, 𝑘, 𝜈, 𝛿, 𝛿𝑚, 𝜌𝜒, 𝑜) on the basis of Table 

1. When solving the direct Cauchy problem (4) with parameters Θ with the use of the               

Runge–Kutta fourth-order approximation method, synthetic data 

𝛺𝑘:=(𝐿𝐴𝑘
, 𝐿𝐴𝑚𝑘

, 𝐿𝐵𝑘
, 𝐿𝐵𝑚𝑘

, 𝐼𝑘, 𝐼𝑚𝑘
) are obtained and are evenly distributed over the 

segment (0, 𝑇). In order to get as close as possible to real conditions, suppose that the data 

are known only for functions 𝑆(𝑡), 𝑇(𝑡), 𝑇𝑚(𝑡) since collecting accurate statistics on the 

number of latently infected people in real life is almost impossible. 

 

3) Numerical Solution of a Direct Problem for the City of Karaganda 

 

System parameters: number of equations - 9, time interval - 30 years. The spaced point in 

time is 5 years. The initial data for 2004are entered into the program. The forecast is until 

2034 (Figure 10). 

 

 
Figure 10 Forecast until 2034 

 

Each curve corresponds to an equation in the mathematical model:  

y1(t)=𝑆(𝑡) denotes vaccinated sensitive people (81502 persons). 

y2(t)=𝐿𝐴(𝑡) denotes latently infected people with the fast development of an active form 

of the disease (150116 persons). 

y3(t)=𝐿𝐴𝑚(𝑡) denotes latently infected people with MDR-TB strain with the fast 

development of an active form of the disease (21681 people). 

y4(t)=𝐿𝐵(𝑡) denotes latently infected people with a slow development of an active form of 

the disease (149303 persons). 
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y5(t)=𝐿𝐵𝑚(𝑡) denotes latently infected people with MDR-TB strain with the slow 

development of an active form of the disease (23302 persons). 

y6(t)=𝐼(𝑡) denotes untreated infected people (757 persons). 

y7(t)=𝐼𝑚(𝑡) denotes untreated infected people with MDR-TB strain (89 persons), 

y8(t)=𝑇(𝑡) denotes infected people on treatment (1894 persons). 

y9(t)=𝑇𝑚(𝑡) denotes infected people with MDR-TB strain on treatment (223 persons). 

 

Conclusion 

 

The World Health Organization classifies Kazakhstan as a country with high priority for 

tuberculosis. The article shows that this problem exists. The problem of tuberculosis with 

multiple and extensive drug resistance is very important. The solution to the problem of 

preventing an outbreak of tuberculosis in Kazakhstan is to use a forecast system for an 

outbreak of tuberculosis. Intelligent forecasting system should use forecasting methods 

based on mathematical models. 

 

The stages of building a system for forecasting tuberculosis are as follows: determining 

the subject of forecasting, researching the field of forecasting, collecting forecast data, 

analyzing existing mathematical models, choosing the right models for building a 

forecasting system, evaluating and refining forecasting methods over time. Mathematical 

modeling, namely the development of a specific mathematical model that describes the 

spread of infection among the population, is one of the most effective methods for 

predicting the spread of the epidemic. 

 

In order to build a forecasting system, it is necessary to analyze mathematical forecasting 

methods, perform mathematical analysis of epidemiological indicators with the use of the 

statistical program SPSS. It is also necessary when constructing a system for forecasting 

the epidemic of tuberculosis, to describe the factors affecting the incidence rate and 

calculate the relationship between epidemiological indicators. Subsequently, the 

construction of a mathematical model of epidemiological processes is carried outon the 

basis of collected statistics on the incidence and population in the selected territory 

(Karaganda region, Republic of Kazakhstan). 
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