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Abstract

In 2014, Jleli and Samet [6] introduced a contraction mapping called
f-contraction. After this, many authors had given their contribution on
¢ — G-contraction (see [7, [§]). Motivated by [[6, Q]], we introduce the
notion of generalized ¢ — 6 contraction and establish some new fixed
point theorems for this contraction in the setting of complete partial
metric spaces.
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1 Introduction

In 2014, Jleli and Samet [6] introduced a contraction mapping called f-contraction.
After this, many authors had given their contribution on ¢ — #-contraction (see
7, 8]).

Inspired by [[6,9]], we introduce the notion of generalized ¢—6 contraction
and establish some new fixed point theorems for this contraction in the setting
of complete partial metric spaces.

2 Preliminary Notes

A modulation of standard metric spaces is given in a partial metric space. By
adding additional modifications, in 1992, Matthews [2] 5] invented the notion
of a partial metric space in which d(x,z) are not necessarily zero. Dhanorkar
and Salunke [3] have proved fixed point theorem on partial metric space using
continuous and monotonically non-decreasing mapping ¢, : [0,00) — [0, 00)
with ¢(0) = 1(0) = 0. Many and many researchers [4, [7, 8, O].

In 2011 M.R.Ahmadi Zand and A.Dehghan Nezhad [I] introduce gener-
alization of partial metric space. Dhanorkar and Salunke [4] proved a fixed
point theorem in generalized partial metric spaces with nondecreasing map
¢ :[0,00) — [0,00) with ¢(t) < t, for each t > 0.
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Definition 2.1 [1] Let X be a nonempty set. Suppose a mapping ga, :
X x X x X — [0,+00) satisfies

(1) 0 < gap(@, 2, %) < gap(z, 2,y) < gap(2,y,2) for all z,y,z € X;

(2) gap(z,y, 2) = gap(2, 2,Y) = gap(x, 2,y) (Symmetric in all three variables);

(3) gap(z,y, 2) < gap(x,a,a) + gap(a,y, 2) — gap(a,a,a) for all z,y,z,a € X;

4) z=y==zif gap(,y,2) = gap(®, 2, 2) = gap(y, ¥, y) = gap(2, 2,2) for all z,y,2 € X.

Then (X, gap) is called generalized partial metric space i.e. GP-metric space.
Example 2.2 Let X = [0,+00), and let ggp : X X X x X — [0,+00),

by gap(z,y, 2) = d(x,y) + d(y, z) + d(z,z). Clearly (X, g4p) is not a G-metric
space.

Example 2.3 Let X = {a,b,c}, and let ggp : X x X x X — [0, +00),
defined by gap(z,y,2) = Lif v =y = 2;

Clearly (X, gap) is not a G-metric space.

Proposition 2.4 [1] Let (X, gap) be a GP-metric space and forz,y, z, and a €
X then the following relations are true:

(1) 9ap(®,y,2) < gap(@, 2,y) + gap(®, T, 2) — gap(2, @, 7);

(i) gap(%,y,9) < 29ap(w, 2, y) — gap(x, T, 7);

(01) gap(2,y, 2) < gap(, 0, 2) + gap(2, @, @) — gap(a, a, a);

(1v) gap(z,y, 2) < gap(a, a,x) + gap(a, a,y) + gap(a, a, z) — 2gap(a, a, a);

(U) gdp(x> Y, Z) + gdp(a’ a, a) < (2/3)(gdp($7 Y, a) + gdp(wu a, Z) + gdp<a7 Y, Z))

Proposition 2.5 [1] Every GP-metric space (X, gqp) defines a metric space
(X,dy,,) as follows:

dep('I? y) = gdP<I7 ya y) + gdp(:% .7}'7 I’) - gdp(xﬂ Jf, .T) - gdp(y7 y7 y)a
for all z,y € X.

Definition 2.6 (i) A point x € X in GP-metric space (X, gap) is said to
be the limit of the sequence {x,} or x, — x, if UMy, oo Gap(T, Tn, Tm) =
gap(x,z, ). In this case, we say that the sequence {x,} is GP-convergent to x.
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(i1)A sequence {x,} in GP-metric space (X, gap) is said to be Cauchy iff

hmn,m,l%oo gdp<xna Tm, xl) is ﬁnZte
(i1i) A GP-metric space (X, gap) is said to be complete if every Cauchy sequence
{zn} in X converges to a point v € X such that im, ;100 Gap(Tn, Tm, ) =

Gap(T, T, ).

Proposition 2.7 Let (X, gqpy) GP-metric space. Then for sequence then
following are equivalent :

(i) {zn} is GP — convergent to ,

(ZZ) gdp(xna L, .CL’) - gdp('r?ma iL‘) as n — 00,

(440) gap(xn, x, ) = gap(z, T, ) as n — oo.
forall z,y € X.

Main results
According to [[6, 9]], denote by © the set of functions 0 : (0, 00) — (1, 00)
satisfying the following conditions:

(©1) 0 is nondecreasing,
(0©2) For each sequence {t,} C (0,00), lim 0(t;) =1
n—oo
if and only if lim (t;) =07,
n— oo
(©3) 0 is continuous on (0, 00).

And @ the set of functions ¢ : [1,00) — [1, 00) satisfying the following condi-
tions

(1) ¢ is nondecreasing,

(®9) For each t > 1, lim (¢") =1,
n—oo

(®3) 0 is continuous on [1,00).

Lemma 2.8 [9]. If ¢ € ®, then ¢(1) =1 and ¢(t) <t for each t > 1.

Definition 2.9 Let (X, gap) be a partial metric space. A mapping T : X —
X is said to be a generalized 0 — ¢ contraction if there exist 0 € © and ¢ € ®
such that, for any x,y,z € X

gdp(Txv TvaZ) % 0= e(gdP<Tx7Ty7Tz)> < ¢(6(M(x, Y, Z))) (21)
where

M(Z’, Y, Z) = max {gdp(x7 Y, Z)? gdp(x7 TJ], TCE'), gdp(ya Tya T?J)7 gdp<z7 TZ, TZ):

1 1 1
igdp<x7 Tya Ty)7 égdp(ya TZ, TZ)a igdp<z7 T:L’, TI)?

1
g[gdp(xa Ty> Ty) + gdp<y7 TZ7 TZ) + gdp(za Tilf, Tﬂi’)]} (22)
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Theorem 2.10 Let (X, gap) be a complete partial metric space and let T :
X — X is generalized 0 — ¢ contraction. Then T has a unique fized point x*,
such that the sequence {T,(z)} converges to x* for every x € X.

Let zy € X be an arbitrary point and define the sequence z,, in X by Tz, =
Tpi1, Vn € N. If x, = x,,.1 for some n € N, then x,, = z* is a fixed point for 7T'.
Now if , we z,, # 2,41 for all n € N.Then clearly gu,(Tz,, Txpi1,Txns) >0
for all n. From we get

e(gdp(Txm Tanrla Txn+1>> S ¢(9(M(xn7 Tnt1, $n+1))> (23)

where

M(Im Tni1, xn—&-l) = max {gdp<xm Tnt1, In+1)a gdp(xm Tni1, xn+1)7 gdp(xn+1u Tni2, xn+2>,

1 1 1
gdp(anrl; Tn+2, $n+2)7 §gdp<xn7 Tn+2, $n+2)7 §gdp(xn+1; Tn+2, xn+2)7 §gdp(xn+17 Tp+1, xn+1)7

1
g[gdp(xna Tn+1, xn-‘rl) + gdp($n+1a Tn+42, xn+2) + gdp($n+1a Tn+1, xn-i-l)]}

1 1
= max {gdp<xm Tn+1, xn—&-l)? gdp(xn—i-h Tnt2, xn+2)7 ggdp(xm Tnt2, $n+2)7 Egdp(xn—i-l: Tnt1, xn—l—l)a

1
g[gdp(xm Tn+1, xn+1) + gdp<xn+1a Tn+2, xn+2) + gdp<xn+17 Tn+1, anrl)]}

= max {gdp(xm Tn+1, $n+1)7 gdp(anrla Tn+42, xn+2)} (24)

If M(x,y,2) = gap(Tnt1, Tny2, Tnya), then using condition we get

(9ap(Tni1, Tni2, Tnyo)) = e(gdp(Txm Txpi1, Tanyi))

P(O(M (xn, Tpt1, Tnt1)))

¢(9(gdp($n+1, Tny2, Tni2)))

e(gdp(anrl? Tn42, xn+2>> ( ’ (2'5)

which is contradiction. Hence we can write for all n € N, If M(z,y,z) =
Gap(Tns Tpt1, Tnt1), then using condition , we get 0(gap(Txn, Trpi1, TThi1)) <
&(0(9ap(Tn, Tnt1, Tne1))) using this we get iterative sequence as

A\

(Gap(Tn, Tns1, Tnt1)) = 0(gap(Txn—1, Ty, Txy))
P(0(gap(Tn—1, Tn, 1))

0% (0(gap(Tn—2, Tn1,0-1)))
¢’

( (gdp(zn—37 Tp—2, xn—2)))

IA N CIA

< ¢"(0(gap(wo, x1,71))) (2.6)
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By the condition of © and ®, we get

Tim 6" (0(gup(0,71.71)) = 1 (2.7)
and nli_}rﬁlo(gdp(xn, Tpa1,Tpe1)) =0 (2.8)

Hence {z,} cauchy in complete metric space (X, gqp). There exist z* in X
such that z,, — 2* such that lim,,_, gap(z,, 2", 2*) = 0. we can write

im gap(zpt1, T2", Tx") = gap(a*, Ta™, Tx") (2.9)

n—oo
If gap(z"H, Ta*, Tz*) # 0, then by 2.1} we get

0(gap(z" T, Ta*, Ta*)) < ¢(0(M (,, 2%, 2%))) (2.10)
where

M (x,, x*, x*) = max {gdp(:cn, 2,2, Gap(Tny Tot1, Tot1)s Gap(x™, Ta™, Tx™), gap(x™, Tx*, Tx"),

1 * * * * * 1 *

§gdp($n7 Tz ) Tx )7 §gdp($ ,Tl’ ) Tz )7 égdp(a: y T4, anrl)a

1 * * * * * *

g[gdp(mex ,TJ} ) + gdp(x ,T:L‘ ,TI ) + gdp(x y i1, xn-&-l)]}
= gap(x*, Tx*, Tx*)  (as n — o) (2.11)

above condition [2.10] becames
Ogup(a™, Ta", Ta™)) < 6(0lgp(a”, T, Ta"))
< gap(x*, Tx*, Tx")

which is a contradiction, hence T'x* = z*.
Uniqueness: If suppose there exist y* such that y* # x* and Ty* = y*. There-

fore ga,(Tx*, Ty*, Ty*) = gap(x*, y*,y*) > 0and M (x*, y*,y*)) = gap(z*, y*, y"),
we get

O(gap(z™, v, y")) = 0(gap(Tx*, Ty*, Ty"))

I
AN CIA

which is a contradiction. Hence, T" having unique fixed point.

Theorem 2.11 Let (X, gap) be a complete partial metric space and let T :
X — X 1s generalized 6 — ¢ contraction such that for x,y € X

9ap(Tx, Ty, Ty) # 0 = 0(gap(Tx, Ty, Ty)) < ¢(0(M(2,y,y))) (2.12)
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where

1
M(I7 Y, y) = max {gdp(x) Y, y)’ gdp(xu TZL', T.ZU), gdp(y7 Ty) Ty>a §gdp<x) Tya Ty)v

1 1
§gdp(ya Tz, Tx), g[gdp(x, Ty, Ty) + 9ap(y, Ty, Ty) + Gap(y, T, Tx)]}
(2.13)

Then T has a unique fized point x*, such that the sequence {T,,(x)} converges
to x* for every x € X.

One can prove easily using [2.10}

Theorem 2.12 Let (X, gap) be a complete partial metric space and let T :
X — X satisfying following condition such that for all x,y € X

gdp(Tx7 TZ/; Ty) S max {agdp('x’ Y, y)7 b(.gdp(xa TQ:; T.CU) + 2gdp<y7 Ty7 TZ/)) )

b(de(x, Ty, Ty) + gap(y, Ty, Ty) + gap(y, Tz, Tm)) }
(2.14)

where 0 <a<1land0<b< % Then T has a unique fixed point x* such that
the sequence {T™(x)} converges to x* for every x € X.

To prove this result we will use §—¢ contraction by defining 0(¢) = e!, ¢(t) = t*,
where A\ = maxa, 3b, then 0 < A < 1. Clearly § € © and ¢ € ¢. Since

max {agdp(xa Y, y)? b(.gdp(xu TZL', T[E) + 29dp<y’ Ty: T?J)) )
b(de(x, Ty, Ty) + 9ap(y, Ty, Ty) + gap(y, T, Tw)) }

1
S A max {gdp('ra Y, y)7 g <gdp(x7 T.ZU, T.ZC) + 2gdp(ya Tya Ty)>7

1
5 (900(@. Ty Ty) + 9y 9. Ty, Ty) + guply. T T)) |

< Amax {gdp(m Y, ), 9ap(x, Tz, Tx) + gap(y, Ty, Ty),

1
3 (gdp(:v, Ty, Ty) + gap(y, Ty, Ty) + gap(y, Tz, Tﬂf)) }

< AM(2,y,y). (2.15)
Hence

0(gap(Tx, Ty, Ty)) = 9 (T2 TyTy) < AM(2y.y)
= (M) = 6(0(M(x,y,y))) (2.16)

using theorem [2.10], we get T has a unique fixed point x* such that the sequence
{T"(z)} converges to x* for every z € X.
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Theorem 2.13 Let (X, gap) be a complete partial metric space and let T :
X — X satisfying following condition such that for all x,y € X

gdp(Tma Tya Ty) Skmax {gdp('xa Y, y)7 gdp(xa Tﬁlj’, T.Z'), gdp(ya Tya Ty)7 gdp('za TZ> T'Z)a

gdp(xa Ty, Ty)7 gdp(y7 TZ, TZ)? gdp('zv Tl’, TI)} (217)

where 0 < k < % Then T has a unique fized point x* such that the sequence
{T™(x)} converges to x* for every x € X.

To prove this result, we will use # — ¢ contraction by defining 6(t) = e,

o(t) = t*, where A\ = 2k, then 0 < A < 1. Clearly § € © and ¢ € ®. Since

k max{gdp<x7 Y, y)? gdp<x7 T:IZ’, T.Z'), gdp(ya Ty7 Ty>7 gdp(fza TZ7 TZ)?
gdp($7 Ty7 Ty)u gdp(y7 TZ: TZ), gdp(za T.%', Tl')}

< A{§gdp(a:, U, ), =Gap(@, T, T, = gap(y, Ty, TY), = gap(2, Tz, T2),

2 2 2
1 1 1
§gdp(x7 Ty: T?J)7 §gdp(y7 TZ) TZ), §gdp(zv Tﬂf, Tﬂf)}
< AM(z,y, 2). (2.18)

Hence

9<gdp(T$7 Ty, TZ)) — egdp(Tl“,Ty,Tz) S e)\M(x,sz)
— (eM(:Jc,y,Z))A — ¢<9(M(I, y’ Z))) (219)
using theorem[2.10} we get T has a unique fixed point 2 such that the sequence

{T"(x)} converges to x* for every z € X.
Now by using definition [2.9] we can easily prove following theorem.

Theorem 2.14 Let (X, gap) be a complete partial metric space and let T :
X — X be a self mapping, there exist 6 € © and ¢ € ® such that for all
x? y7 z E X

Jap(Tx, Ty, Tz) # 0= 0(gap(Tx, Ty, Tz) < ¢(0(9ap(x,y, 2) (2.20)

Then T has a unique fized point x* such that the sequence {T"(x)} converges
to x* for every x € X.

Using Theorem [2.14] we can easily prove theorem stated by Mustafa,
Khandagji and Shatanawi [?] as
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Theorem 2.15 Let (X, gap) be a complete partial metric space and let T :
X — X be a self mapping, there exist X € [0,1) such that

gdp(TxaTyaTZ) S )‘gdp(itvy?z) (221)

for all x,y,z € X. Then T has a unique fized point x* such that the sequence
{T™(x)} converges to x* for every x € X.

Proof: Let 6(t) = e! and ¢(t) = t*, then § € © and ¢ € ®. Since
gdp(Twa Tya TZ) S )\gdp(ma Y, Z)

gives edu(T2Ty.T2) < A9ap(T2,Ty,T2) — (9ap(T2 Ty T2NA follows 6(gq,(Tx, Ty, Tz) <
¢(9<gdp($, Y, Z)'

using theorem [2.15] we get T" has a unique fixed point z* such that the sequence
{T"(x)} converges to x* for every z € X.

Corollary 2.16 Let (X, gap) be a complete partial metric space and let T :
X — X be a self mapping, there exist 0 € © and ¢ € ® such that for all
x,y,z € X

9ap(Tz, Ty, Ty) # 0 = 0(gap(Tz, Ty, Ty)) < &(0(gap(,y,y)) (2.22)

Then T has a unique fized point x* such that the sequence {T"(x)} converges
to x* for every x € X.

Corollary 2.17 Let (X, gap) be a complete partial metric space and let T :
X — X be a self mapping, there exist 8 € © and ¢ € ® such that for all
x,y,z € X

(l’, Tﬁ[}, TiL') + gdp<y7 Tya Ty) + gdp(za TZ, TZ)))

3
(2.23)

9up(T2, Ty, T2) # 0 = 0(gay (T, Ty, T2) < 6(0(*2

Then T has a unique fixed point x* such that the sequence {T"(x)} converges
to x* for every x € X.

Corollary 2.18 Let (X, gap) be a complete partial metric space and let T :
X — X be a self mapping, there exist 0 € © and ¢ € ® such that for all
r,ye X

x,Tx, Tr)+ Ty, T
9gap(Tx, Ty, Ty) # 0 = 0(gap(Tx, Ty, Ty) < ¢<9(gd”( ) ! 9ap(y, Ty y)))
(2.24)

Then T has a unique fized point x* such that the sequence {T"(x)} converges
to x* for every x € X.
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Example 2.19 Let X = {0,£1,42, 43, -} and metric gqp(z,y, ) = max{|z|, |y|, |2|}
for all x,y,z € X. Then (X, gap) is a complete gap-metric space. Define the

0, x=0;
mapping T : X — X byTe =< —(n—1), z=n;
(n—1), z=-n.
Now, let the function 6 : (0,00) — (1,00) defined by 0(t) = 5" and
<t <2
the function ¢ : [1,00) — [1,00) defined by ¢(t) = ?2’ 4 i;; =%

Clearly 8 € © and ¢ € .
We consider following cases
Case 1: If(xt=n>1,y=0o0rz=—-n(n>1),y=0).

gdp(Tx7 Ty7 T?J) =n— ]-7

gap(x, Tz, Tx) =n,

gdp(ya Ty, Ty) = 07

0(gap(Tx, Ty, Ty)) = O(n — 1) = 5"

(BT Ll TuTy) (1)

0(gap(Tx, Ty, Ty)) (2.25)
Case 2: (xt=n>y=m>lorz=-n<y=-m<—1).

gap(Tx, Ty, Ty) =n — 1,

gap(x, Tz, Tx) =n,

9ap(y: Ty, Ty) = m,

0(9ap(Tw, Ty, Ty)) = O(n — 1) = 5"~

©-
/N

>
/N

gap(z, T2, Tx) +gdp(y,Ty,Ty)>) _ ¢(9<n —|—m>>

2 2
= o(55) =5t 1
Z 5n71 - e(gdp(Tx7Ty7Ty)) (226)
Case 3: (t=n,y=—-m,n>m>1orx=—-ny=m,n>m>1).

de(TxaTnyy) =n— 17

gap(x, Tz, Tx) =n,

9ap(y, Ty, Ty) = m,

0(gap(Tx, Ty, Ty)) = O(n —1) = 5"
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o <<”” e s ) o (15))

) _ g
From 2.25[2.26] and 2.27], we get for all x,y € X,

| \/

= 0(gap(T'x, Ty, Ty)) (2.27)

gdp($7 T:L‘, T[L') + gdp(ya Ty, Ty)))

0(9ap(T, Ty, Ty)) < 06 ;

This gives Corollary[2.18 satisfied, thus T has a fized point at x = 0.

3
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